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Table 1 is a tabulation of the optimal location of the actuator
for the noncollocated and collocated cases. Because all of the con-
trollers were designed to generate identical dynamics, the control
power is used as a corroborator of the use of the weighted cost
functions for determining the optimal location of the actuator. Ta-
ble 1 lists the optimal locations of the actuators and the normal-
ized control power. It can be seen that weighting the cost function
with the component cost results in a significant reduction of the
control power as in J; and J,;, Js and Jg, and J; and Jg. Note
that J,, J,, Jg, and Jg result in requiring nearly identical control
power.

V. Conclusions

In this Note, a methodology for determining the optimal actuator
and sensor locations for the control of combustion instabilities is
presented. The approach relies on the quantitative measures of the
degree of controllability and component cost. These criteria are
arrivedat by consideringthe energiesof system’s inputsand outputs.
The optimality criteria for sensor and actuator locations provide a
balance between the importance of the lower-order (controlled) and
the higher- (residual) order modes.

In previous studies, the cost has been a function of the control
influence matrix only and the relative contribution of the modes to
the output has not been considered. This Note describes a system-
atic procedure that associates weights that reflect the importance
of each state variable or mode in a given cost function, thus, in-
creasing the system controllabilityand its overall performance. The
procedure can be extended to optimize the number of actuators in
multi-input applications by removing the least effective actuators,
one at a time. In addition, it can be applied to a discrete set of can-
didate locations. The control energy level can be taken as a factor
in the selection process, in a sense that if the head/end location is
not practical, the optimal location can be moved to the next con-
trol energy level and so on. In general, the optimal locations are
found to be at locations where the lower modes have the greatest
contribution and the higher modes are minimally representedin the
cost functions. Physically speaking, at these locations, the lower
modes are the most controllable because the point of application
of the actuation power is far from the nodal point of these modes,
which means the required control is small and the higher modes are
not excited.
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Nomenclature

M = Machnumber

P, p = total and static pressure

q = dynamic pressure

T = total temperature

14 = velocity

o = injectant mass fraction

omix = injectant mass fraction deduced with modified
mixing analogy, Eq. (3)

ar¥. = injectant mass fraction deduced with original
mixing analogy, Eq. (1)

B = enthalpy deficit factor due to induced vorticity

0 = density

Subscripts

a = freestream

c = unheated injection

h = heated injection

J = injectant

p = measured with in-stream probe

Introduction

IXING augmentation techniques' ~* are an essential require-
ment for the developmentof the supersonic combustion ram-
jet (scramjet) engine. In recent works,**> a high-molecular-weight
injectant was utilized because hydrocarbon fuels became of greater
interest®~8 However, many injectant concentration detection tech-
niquesdependmainly on the differencebetween the injectantmolec-
ular weight and that of the main flow so that their sensitivity is not
sufficient compared to cases with lighter molecules, for example,
helium, injected into air. In some previous work,? therefore, heated
air was injected into an unheated supersonic crossflow, and the cor-
respondingequivalentinjectantconcentrationwas deduced from the
total temperature measurements and a mixing analogy as
o = (T, = T)/(T; — T,) ey

mix
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in which a turbulent Lewis number of unity was assumed. A similar
technique has also been utilized to study jet mixing’ and the mixing
of a jet and a subsonic crossflow.!® However, in cases with heated
air injection into a supersonic crossflow, vorticity effects shown by
the Crocco theorem were found to change the enthalpy field, and
negative equivalent injectant concentration was deduced in some
regions through the original mixing analogy (see Ref. 3). Because
heated air injectioncombined with the temperature measurementsis
inexpensive and safe, modification of the mixing analogy to isolate
the vorticity effects from the mixing data would be useful for studies
on high-speed mixing phenomena.

In the present study, we propose a modified mixing analogy to
deduce concentration from a measured total temperature with vor-
ticity effects taken into account. This method was tested for the
injection through a diamond-shaped orifice oriented perpendicular
to a Mach 3 supersonic airflow. Both heated and unheated air were
injected with sonic speed, and total temperature distributions were
measured in the mixing flowfield. The vorticity effects were can-
celed out by comparing the results with heated and unheated injec-
tion, and the corresponding injectant concentration was deduced.
To evaluate the validity of the new mixing analogy, the injectant
concentration was measured directly with an aspirating-type con-
centration probe by introducing a small amount of tracer helium
into the injectant air.

Modified Mixing Analogy

For our modified mixing analogy, we conducted both heated
(T, ~380 K) and unheated (7, ~ 285 K) air injection. When it is
assumed that 1) the local injectant equivalentconcentration« is in-
sensitiveto theinjectanttemperatureand 2) the effects of the induced
vorticity on the change in local enthalpy are proportional through a
factor S to the local enthalpy, and the proportionality is insensitive
to the injectant temperature, the enthalpy balances for the heated
and unheated cases can be written as

(Tp)n = (1 = B — ) (Ta) + a(T))nl (2a)
(Tp)e = A =LA = a)(To)e +a(T)).] (2b)

From Eq. (2), a modified expression for the deduced injectant mass
fraction was derived as

Umix = [(T,D/Ta)h/(Tp/Ta)c - 1]/{(T/7/Ta)h/(Tp/Ta)c

X[1=(T;/To)e] = (1 = (T;/ T} 3)

This is to be compared to the earlier expression in Eq. (1). Both
T; and T, were normalized with simultaneously measured 7, to
eliminate the effects of any 7, variation (typically decreased by 6 K
in a 10-s run) on the data reduction. From Egs. (2) and (3), we can
obtain

ﬂ =1- (T;J/Ta)h/[(l - C{mix) + C{mix(Tj/Ta)h] (4)

The modified mixing analogy method requires identical local val-
ues of both o, and B in the heated and unheated injection cases,
whereas the difference in injectant temperature resulted in a slight
difference in governing parameters of injection and mixing (sum-
marized in Table 1) even at an identical dynamic pressure ratio.
(In this study, g, /q, =2.0.) As regards the identical o« assumption,
Chrans and Collins!! showed that total temperature of the jet had lit-
tle effecton the initial penetration (Mach disk) height. Billig et al.!?
also showed that the jet trajectories were well described by the mo-
mentum equation, so that the difference in jet temperature would
not affect the trajectory of a sonic jet issued into supersonic flow.
Kamotani and Greber'® reported that the jet trajectories are mainly
determined by the dynamic pressureratio in the case with a perpen-
dicularjetinjected into a subsoniccrossflow. For coaxial jet mixing,
Zakkay et al.'* showed that the maximum concentrationdecays, and
the concentration profiles with various injectant are well correlated
with mass flux ratio, also shown in Table 1. In the present case,
the difference in mass flux ratio due to the injectant temperature
difference was 14%, and we expect only minor effects of it on the

Tablel Dominant parameters with various injectant
and/or conditions

Injectant Heated air  Air+ 15%He Unheated air
Vi/Va 0.588 0.548 0.509
0/ Pa 57.9 66.7 771
PV);/(0V)a 34.0 36.6 392
Pj/Pa 18 17.7 18
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Fig. 1 Mach number distributions on contour symmetry plane at
110 mm downstream of the injector center.

mixing process. Thus, one could expect almost identical equivalent
injectant distributions in the heated and unheated cases. However,
Bowersox et al.'* reported effects of injectant temperature on the
flow properties in the lower half of the mixing layer, close to the
wall, with two-dimensionalslotinjectioninto a supersonicflow, and
so we should be careful of data reduction near the wall.

As for the validation of the identical  assumption, we only could
verify the similarity in flowfields, regardless of the injectanttemper-
ature. Figure 1 shows a comparisonof the Mach number distribution
on the symmetry plane with both heated and unheated injections.
The distributions agree well with each other, showing that the flow-
fields were almostidentical,regardlessof injectanttemperature over
the range studied here.

Validation of the Modified Mixing Analogy

Experimental Methods

The facility is of a blowdown type, with a half-nozzle to accel-
erate the airflow to Mach 3. The tunnel average plenum conditions
were 620 kPa (P,) and 285 K (7,), which resulted in a freestream
Reynoldsnumberof 5.0 x 107/m. The boundary-layerthicknessand
displacementthicknessat the injectorlocation were 8.5 and 3.3 mm,
respectively.

The diamond-shaped orifice used in the present study had a half-
angle of 10 degon bothits leading and trailingedges, and an equiva-
lent diameter of 4.1 mm. The discharge coefficient was measured to
be 0.85. Air was used as the injectant to simulate a high-molecular-
weight gas hydrocarbon fuel injection. A portion of the air was
bypassed from the tunnel plenum chamber to the injectant plenum
chamber and injected with sonic speed at the jet-to-freestream dy-
namic pressure ratio q;/q, of 2.0+ 5%. The injectant air could be
heatedto about380 K with two electricheatersin the injectorplenum
chamber.

Pressures (P, and P;) and temperatures (7, and T;) within the
plenum chambers were monitored. The flow was probed in a plane
110 mm downstream from the center of the injector by a pitot probe
(a 1.59/1.04 mm o.d./i.d. tube), cone static probe (a 1.59-mm o.d.
tube with a 10-deg cone half-angle), a total temperature probe (see
Ref. 3 for detailed description of probe), and a concentration mea-
surement probe.

The total temperature measurements of the freestream resulted
in a total temperature recovery factor of 0.98 and a temperature
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measurement error of £2 K. The true total temperature was evalu-
ated from the measured total temperature, measured Mach number,
and a recovery factor of 0.98.

Two aspirating hot-film probes were used to measure the
in-stream helium concentrationand to monitor the injectant helium
concentrationwhen a tracer was used. The in-stream probe was de-
signed to assure shock swallowing at its tip, and it had a tip hole
diameter of 0.64 mm. A commercially available hot film was in-
stalled within the probe inner tube (3.86-mmi.d.). The aspirated gas
was exhausted into a vacuum tank through a small internal orifice
(0.64-mmi.d.). Pressure and temperature within the probe and the
bridge voltage of a hot-film anemometer (IFA 100) were monitored.

The probe was calibrated by aspirating air/helium mixtures with
known concentrationsand pressuresin a vessel. (See Ref. 16 for de-
tails). The typical error of the concentrationmeasurement was £1%
of the mole fraction of the helium; however, the error increased for
in-probe Reynolds numbers of 6 x 10>-9 x 10%, where the internal
flow in the probe caused separation leading to larger errors.

For the direct measurement, the helium concentration of the un-
heated mixture was kept as low as 15/vol% to make the governing
injection parameters close to those in the air injection cases, as
shown in Table 1.

2.15.16

Results

Figure 2 shows the measured and deduced injectant mass frac-
tion distributions along the contour symmetry plane. An equivalent
mass fraction distribution obtained with the original mixing anal-
ogy [Eq. (1)] is shown with open circular symbols, the equivalent
mass fraction distribution obtained with the modified mixing anal-
ogy [Eq. (3)] is shown with open square symbols, and the directly
measured mass fraction with an He traceris shown with solid circu-
lar symbols. Error bars for the measured injectantmass fractiondata
are also shown. This error appears exaggeratedin Fig. 2 because the
injectant contained only 15/vol% helium. Despite the large scat-
ter and error, the directly measured injectant mass concentration
distribution showed a similar trend to the equivalent mass frac-
tion distribution obtained with the modified mixing analogy, and
it showed rather good agreement near the plume core. Thus, the
plume penetration height and maximum injectantconcentrationare
well documented with the injectant concentrations deduced from
the modified mixing analogy. Note that nonphysicalnegative values
of equivalent mass fraction were mostly avoided with the modified
mixing analogy.

The discrepancy between the measured and deduced injectant
concentrations were larger in the vicinity of the wall, which was
expected from Ref. 14. Thus, one must be careful when interpreting
data in regions very near to the wall through the modified analogy.

The injectant mass fraction distribution deduced with the modi-
fied mixing analogy based on the measured total temperature with-
out correction due to the probe temperature recovery factor are also
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Fig. 2 Injectant mass fraction distributions on contour symmetry
plane at 110 mm downstream of the injector center.

Table 2 Estimation of error on ay,ix due
to temperature measurement errors

Variable  Temperature, K domix, +2 K  dapix, —2 K
(To)n 285.0 —0.018 0.017
(Tj)n 360.7 —0.010 0.010
(Tp)n 298.4 0.029 —0.029
(To)e 285.0 0.018 —0.020
(Tj)e 287.3 0.011 —0.011
(Tp)e 272.7 —0.031 0.032

shown in Fig. 2 with X symbols. It is almost identical to the distri-
bution based on the corrected total temperature.

Another validation method used was to integrate the injectant
mass flux to obtain the injectant mass flow rate and to compare that
with the injected flow rate measured with the orifice flowmeter. The
local flow state was calculated based on the corrected total tempera-
ture and the measured pitot and cone static pressures. The calculated
equivalentmass flow rate with the original mixing analogy was 14%
less than the injected mass flow rate, whereas that with the modi-
fied mixing analogy was 8% less than the injected mass flow rate,
indicating better results with the modified mixing analogy.

Error Estimation of the Modified Analogy

As noted earlier, we expect temperature measurement errors of
+2 K. Table 2 shows estimated error in equivalent mass fraction
basedon a typical set of measuredtemperaturedataand the expected
temperature measurement errors. The error in equivalentmass frac-
tion was estimated to be 3% at most.

Conclusions

The conventional mixing analogy was based on “turbulent
Le = 1" assumption,whichresultedin large errors in the deduced in-
jectant concentrationdue to vorticity effects on the enthalpy field in
high-speed mixing studies. The mixing analogy was modified in the
presentstudy to take the vorticity effects into account, and deduced
concentration data were evaluated against direct measurements of
injectant concentration with a tracer technique for the trial case of
the interaction of a heated-air jet from a diamond-shaped, sonic
injector orifice and a Mach 3 supersonic air-flow. The resulting de-
duced injectant concentrationdistribution showed good agreement
with that measured by the helium tracing technique. The tracer tech-
nique itself was subject to rather large uncertainties resulting from
the requirementof keeping the initial fraction of the tracer low (15%
by volume) in order to allow matching of the injection parameters.
Error estimation was done to show that =3% error on injectant mass
fraction was expected for a nominal 2 K measurement error on
temperature in the present measurement technique. The modified
mixing analogy presented here should prove very useful in future
high-speed mixing studies. We plan to employ it in such work and
to continue validation and refinement of the method.
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